Quasi-static cylindrical cavity expansion in an elastoplastic compressible Mises solid  by Masri, Rami & Durban, David
International Journal of Solids and Structures 43 (2006) 7518–7533
www.elsevier.com/locate/ijsolstrQuasi-static cylindrical cavity expansion in an
elastoplastic compressible Mises solid
Rami Masri *,1, David Durban
Faculty of Aerospace Engineering, Technion, Haifa 32000, Israel
Received 31 July 2005; received in revised form 6 March 2006
Available online 18 March 2006Abstract
The self-similar elastoplastic ﬁeld induced by quasi-static expansion of a pressurized cylindrical cavity is investigated for
Mises solids under the assumption of plane-strain. Material behavior is modeled by the elastoplastic J2 ﬂow theory with the
standard hypoelastic version. The theory accounts for elastic-compressibility and allows for arbitrary strain-hardening (or
softening) in the plastic range. A formulation of the exact governing equations is presented and analyzed in detail for the
remote elastic ﬁeld and for asymptotic plastic behavior near the cavity wall, along with numerical investigations for the
entire deformation zone. An analytical solution was obtained under the axially-hydrostatic assumption (axial stress coin-
cides with hydrostatic stress) within an error of about 2% or less as compared to the exact, numerically evaluated, value of
cavitation pressure. Two ad-hoc compressibility approximations for cavitation pressure are suggested. These relations,
which give very accurate results, appear to provide tight lower and upper bounds on the exact value of cavitation pressure
within an error of less than 0.5%.
 2006 Elsevier Ltd. All rights reserved.
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Axially-symmetric plane-strain deformation patterns around an internally pressurized cylindrical cavity,
embedded in an elastoplastic solid, are of considerable interest in the mechanics of solids, as is the related
spherical-symmetric behavior. For the extreme case of a small cavity embedded in an inﬁnite medium, it is
expected that the internal pressure will approach an asymptotic value known as the cavitation pressure
(Hill, 1950; Durban and Baruch, 1976; Durban, 1979, 1988). That cavitation pressure deﬁnes the material
resistance to cavity expansion and hence we refer to it also as the cavitation strength of the solid. The self-
similar quasi-static spontaneous expansion induced by the cavitation pressure enables a simple analysis of
the deformation pattern, according to the J2 ﬂow theory, with no need to trace the entire straining history0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.03.012
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2005, 2006). Hill (1950) derived approximate expressions for quasi-static spherical and cylindrical cavitation
pressures based on compressible elastic/perfectly-plastic material response for both Tresca and Mises yield
criteria. Closed form quadrature type solutions have been given by Durban and Baruch (1976), for quasi-
static spherical cavitation in a compressible strain-hardening Mises material, and by Durban (1979) for
quasi-static cylindrical cavitation in an incompressible Mises solid. These exact large strain solutions, are
valid for any strain-hardening (or softening) characteristic. A more general cylindrical plane-strain analysis
has been given by Durban and Kubi (1990) for plastic-orthotropic solids but with the neglect of elastic-
compressibility. Elastic-compressibility has been considered in Durban (1988) where the J2 deformation
theory was employed. A general large strain quadrature type solution for the Tresca model was given in
Durban and Kubi (1992) along with a corner solution. It is worth mentioning that quasi-static cavitation
analysis is part of a more general dynamic analysis with a main application to penetration problems.
Dynamic cavitation in metals was investigated by several authors for spherical and cylindrical cavity expan-
sion patterns. A review of earlier work can be found in Masri and Durban (2005) for spherical cavitation
and in Masri and Durban (2006) for cylindrical cavitation.
In this paper we examine the exact formulation (given in Section 2) of the equations governing quasi-static
cylindrical cavitation in a compressible Mises medium under plane-strain constraint, for any strain-hardening
characteristic. Material behavior is modeled by the elastoplastic J2 ﬂow theory with the standard hypoelastic
form. The governing system consists of four coupled equations, for the three principal stresses and the radial
velocity, and a separate equation for the density proﬁle. An exact analytical solution for the governing equa-
tions system is not available in the literature. In fact, even existing numerical solutions (Durban, 1988; Forr-
estal et al., 1990; Luk and Amos, 1991) are for approximated models. We begin therefore, in Section 3, by
analyzing in detail that system for the elastic deformation ﬁeld, while in Section 4 we have explored the asymp-
totic behavior in the deep plastic zone near the cavity wall. In Section 5 we present a numerical solution of the
governing system for several metals, and use the axially-hydrostatic assumption (axial stress coincides with
hydrostatic stress) to derive an approximate analytical solution in terms of quadratures. Finally, in Section
6 two ad-hoc compressibility approximations for cylindrical cavitation pressure in compressible Mises media
are suggested.2. Self-similar quasi-static expansion of a cylindrical cavity
Consider a circular cylindrical cavity, of instantaneous radius A, expanding quasi-statically (with constant
expansion velocity _A suﬃciently small to neglect inertia eﬀects) under constant internal cavitation pressure pc,
in an inﬁnite, remotely unstressed, elastoplastic compressible Mises medium. It is assumed that an axially-sym-
metric ﬁeld is induced in the medium by the expanding cavity, and that a plane-strain deformation pattern is
maintained by appropriate axial stresses.
Locating the origin (denoted by O in Fig. 1) of a cylindrical system (R,h,Z), where R is the Eulerian radial
coordinate, at the center of the cavity, there is just one equilibrium equation to be considered,drr
dR
þ 1
R
ðrr  rhÞ ¼ 0; ð1Þwhere (rr,rh,rz) are the active Cauchy stresses. However, in steady-state expansion (cylindrical cavitation) we
assume a self-similar deformation ﬁeld with the nondimensional radial coordinate n = R/A as the only inde-
pendent variable (Fig. 1). Hence, it follows that (1) can be rewritten asR0r þ
1
n
ðRr  RhÞ ¼ 0; ð2Þwhere (Rr,Rh,Rz) = (rr,rh,rz)/E are the nondimensionalized stresses (with respect to the elastic modulus E)
and diﬀerentiation with respect to n is denoted by a superposed prime. In fact, in the cavity expansion ﬁeld
the radial stress is monotonously increasing with n ðR0r P 0Þ, so, from the equilibrium equation (2) it follows
that Rh > Rr in all of the deformation zone for quasi-static expansion.
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Fig. 1. Scheme of self-similar ﬁeld in quasi-static expansion of a circular cylindrical cavity in compressible elastoplastic media. Cavitation
pressure is pc. The radial coordinate n is nondimensionalized with respect to the current radius of the cavity. Plastic yielding occurs at the
elastic/plastic interface n = ni. The remote boundary at inﬁnity is stress-free.
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E
 
r m
E
 
I::rð ÞIþ 3 _p
2re
S; ð3Þwhere a superposed dot denotes diﬀerentiation with respect to time. In (3) tensor D is the Eulerian strain rate,
r – the Cauchy stress tensor, r – the Jaumann stress rate, S – the stress deviator, I – the second order unit
tensor, m – Poisson’s ratio and p is the eﬀective plastic strain and a known function of the Mises eﬀective stress
re. The latter is deﬁned by re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
S::S
q
which for an axially-symmetric ﬁeld takes the nondimensionalized
formR ¼ re
E
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
ðRh  RrÞ2 þ ðRh  RzÞ2 þ ðRz  RrÞ2
h ir
; ð4Þor, put diﬀerently,R ¼
ﬃﬃﬃ
3
p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRh  RrÞ2 þ 3ðRz  RhÞ2
q
; ð5Þwhere Rh is the nondimensionalized hydrostatic stressRh ¼ rhE ¼
1
3
ðRr þ Rh þ RzÞ: ð6ÞAlso, the Eulerian strain rate components are simply_r ¼ d
_R
dR
¼
_A
A
 
V 0; _h ¼
_R
R
¼
_A
A
 
V
n
; _z ¼ 0; ð7Þwhere the axial strain rate _z vanishes on account of the plane-strain constraint and V ¼ _R= _A is the nondimen-
sional radial velocity, which describes the mathematical limit of quasi-static expansion.
Now, we introduce a useful transformation for the time derivative by the similarity relation (Durban and
Fleck, 1997; Durban and Papanastasiou, 1997; Durban and Masri, 2004; Masri and Durban, 2005, 2006),
namely_ð Þ ¼ _n dð Þ
dn
¼
_R
A
 n
_A
A
 
dð Þ
dn
¼
_A
A
ðV  nÞ dð Þ
dn
: ð8ÞConsequently, in the absence of material spin, the tensorial constitutive relation (3) separates into just three
scalar equations, with the aid of (7) and (8),
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2
Rr  Rh
R
0p
 
; ð9Þ
V
n
¼ ðV  nÞ Rh  mðRz þ RrÞ½ 0 þ 3
2
Rh  Rh
R
0p
 
; ð10Þ
0 ¼ ðV  nÞ Rz  mðRr þ RhÞ½ 0 þ 3
2
Rz  Rh
R
0p
 
: ð11ÞRelations (9)–(11), which appear to be highly nonlinear, are a particular case of a more comprehensive for-
mulation for cylindrical deformation patterns in plastic pressure sensitive solids (Drucker–Prager constitutive
model) considered by Durban and Papanastasiou (1997).
Finally, conservation of matter together with the plane-strain constraint require that_q
q
þ _r þ _h ¼ 0; ð12Þwhere q is the density, so with the aid of (7) and (8), Eq. (12) transforms toðV  nÞln0 q
q0
 
þ V 0 þ V
n
¼ 0; ð13Þwhere q0 is the reference density of the undeformed stress-free state.
To sum up, we have ﬁve governing equations in (2), (9)–(11) and (13) with ﬁve unknowns (Rr,Rh,Rz,V,q)
whose dependence on n should be determined using deﬁnitions (5) and (6). Integration of that system is carried
from the cavity’s wall (n = 1) where V = 1, to inﬁnity (n!1) where we have q = q0 and both velocity and
radial stress Rr should vanish. In fact, when no remote external loads are applied, we expect all stress compo-
nents to vanish at inﬁnity. Note however that this is not the case for dynamic cylindrical cavitation in an
incompressible media as discussed by Masri and Durban (2006). Also, Pc = Rr (n = 1) denotes the nondi-
mensionalized (Pc = pc/E) cavitation pressure (or cavitation strength) (Fig. 1), determined by the solution.
In the present formulation, the eﬀective plastic strain p is a given function of R, which describes plastic
strain-hardening (or softening), and we do not necessarily assume the existence of a deﬁnite yield point.
For strain-hardening with a deﬁnite yield point, like the modiﬁed Ludwik power-hardening law, plastic
response is activated at the elastic/plastic interface n = ni (Fig. 1), where p vanishes and R reaches the value
of the nondimensional yield stress Ry (Ry = Y/E with Y denoting the yield stress). However, for strain-hard-
ening response without a deﬁnite yield point, like the Ramberg–Osgood power-hardening law, the plastic
branch is active within the entire deformation zone. In the special case of elastic/perfectly-plastic response
p is not known a priori and an extra algebraic equation is obtained from (4) or (5), in the post yield range,R  Ry: ð14Þ
Now, it is possible to express the density q in terms of the hydrostatic stress Rh by adding the three scalar
constitutive relations (9)–(11), inserting the resulting sum in (13) and integrating over n to obtainq ¼ q0eH with H ¼ 3bRh: ð15Þ
Here we use q = q0 and Rh = 0 as stress-free conditions at inﬁnity and take b = 1  2m for the elastic-com-
pressibility measure. Relation (15), which is identical with the density equation for spherical cavity expansion
(Masri and Durban, 2005), can replace the matter conservation equation (13) to determine the density proﬁle
after solving for the stresses. In fact, (15) can be derived directly from (3) as a universal relation for any defor-
mation pattern.
The constitutive equations are simpliﬁed if we subtract (10) from (9) and recast the result asln0 1 V
n
 
¼  ð1þ mÞðRh  RrÞ0 þ 3
2
Rh  Rr
R
0p
	 

ð16Þwith which we prefer to replace the constitutive relation (9). Thus, a simpler governing system, for quasi-static
plane-strain cylindrical cavitation in an elastoplastic Mises solid, consists of four coupled equations ((2), (10),
(11) and (16)) along with a separate relation for the density proﬁle (15).
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For solids with a deﬁnite yield point it is conceivable that at a distance from the cavity the strained medium
will respond in a purely elastic deformation with p  0. For strain-hardening response without a deﬁnite yield
point the plastic branch in the constitutive relations is active within the entire deformation zone but becomes
negligible compared with the elastic branch when approaching inﬁnity. With no active plastic branch the con-
stitutive equations (10), (11) and (16) take the simpler formV
n
¼ ðV  nÞ Rh  mðRz þ RrÞ½ 0
 
; ð17Þ
0 ¼ ðV  nÞ Rz  mðRr þ RhÞ½ 0
 
; ð18Þ
ln0 1 V
n
 
¼ ð1þ mÞðRh  RrÞ0: ð19ÞIntegration of Eq. (18) gives the standard elastic relationRz ¼ mðRr þ RhÞ; ð20Þ
since all three stresses should vanish at inﬁnity. Likewise, the solution of the integrable equation (19) isV ¼ nf1 exp½ð1þ mÞðRh  RrÞg; ð21Þ
accounting for the condition that V should vanish at inﬁnity where both stress components vanish alike. Now,
inserting (20) and (21) back in (17) gives the constitutive relation in the circumferential directionmR0r þ ð1 mÞR0h ¼
1
ð1þ mÞn 1 e
ð1þmÞðRhRrÞ : ð22ÞEq. (22) along with the equilibrium equation (2) represent the elastic nonlinear coupled system for quasi-static
cylindrical cavitation, under plane-strain conditions, with the stresses Rr and Rh as unknowns. Using Eq. (20)
we can ﬁnd Rz while from (15) and (21) we can obtain the solutions for density q and velocity V, respectively.
The nonlinear equation (22) can be further simpliﬁed since for elastic response of common solids both |Rr|
and |Rh| are extremely small by comparison with unity. Thus, we proceed with the linearized versionmR0r þ ð1 mÞR0h ¼ 
1
n
ðRh  RrÞ; ð23Þwhich, together with (2), admit the simple solutionRr ¼  C
n2
þ B; ð24Þ
Rh ¼ C
n2
þ B; ð25Þwhere (B,C) are integration constants. The requirement that Rr vanishes at inﬁnity gives B = 0 implying that
Rh vanishes as well at inﬁnity, as we have assumed, and that both Rz from (20) and Rh from (6) vanish iden-
tically within the entire elastic zone.
To sum up, the quasi-static linear elastic solution isRr ¼  C
n2
; Rh ¼ C
n2
; Rz  Rh  0: ð26ÞThe radial material velocity follows from (21) and (26), under the assumption that |Rr|, |Rh| 1, asV ¼ nð1þ mÞðRh  RrÞ ¼ 2ð1þ mÞCn ; ð27Þwhile from (15) q = q0 as the ﬁrst order solution for the density. Since V should be positive we ﬁnd from (27)
that C must be positive as well. Therefore, it is clear from (26) that the intermediate axial stress assumption
Rr < Rz < Rh is valid in the elastic zone. For an incompressible material (m = 1/2), where V = 1/n, the value of
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because a shooting method is not needed. In general (for compressible materials) the integration constant C
will be determined upon imposing continuity conditions at the elastic/plastic interface n = ni. Finally, with the
linear elastic steady-state solution (26) the eﬀective stress (5) will take the simpler formR ¼
ﬃﬃﬃ
3
p
2
ðRh  RrÞ ¼
ﬃﬃﬃ
3
p
C
n2
: ð28Þ4. Asymptotic analysis of the near cavity boundary layer
At the other extreme, the behavior of the thin layer adjacent to cavity wall (n = 1) is dominated by the plas-
tic branch of the constitutive relations (9)–(11), so asymptotically as n! 1 we obtain the near wall relationsV 0 ¼ 3
2
ðV  nÞRr  Rh
R
0p;
V
n
¼ 3
2
ðV  nÞRh  Rh
R
0p; ð29Þ
0 ¼ 3
2
ðV  nÞRz  Rh
R
0p: ð30ÞFrom (30) the solution for the axial stress in the deep plastic ﬁeld isRz ¼ Rh ) Rz ¼ Rh ¼ 12ðRr þ RhÞ: ð31Þ
Hence, we recover from (5) the simpler expression for the eﬀective stressR ¼
ﬃﬃ
3
p
2
ðRh  RrÞ; ð32Þwhere we have used the expected result Rh > Rr along with (31).
By combining relations (29) and (31) we obtain the diﬀerential relationdV
V
¼  dn
n
; ð33Þwhich integrates, with V(n = 1) = 1, to the known incompressible velocity proﬁleV ¼ 1
n
: ð34ÞIntroducing the plastic boundary layer radial coordinate d = n  1, with d 1, we ﬁnd from (34) the
boundary layer velocity proﬁleV  1 d: ð35Þ
Durban and Masri (2004) have shown that for spherical cavitation in Mises solids there is a similar expression
V  1  2d which indicates that the spherical boundary layer is thinner than the cylindrical boundary layer.
Inserting (31), (32) and (35) in the second of (29) and integrating over d gives the asymptotic behavior of the
eﬀective plastic strainp  1ﬃﬃﬃ
3
p ln 1
d
 
() d  e
ﬃﬃ
3
p
p ; ð36Þindicating, as expected, extremely high levels of strain near the cavity. It is interesting to note that the leading
term (36) is independent of material properties. The analogous expansion for the eﬀective stress can be de-
duced from (36) since p depends on R. For example, with the Ramberg–Osgood power law p = KR
n we getR  1ﬃﬃﬃ
3
p
K
ln
1
d
 	 
1=n
; ð37Þwhere (K,n) are material parameters, and it can be seen that strain-hardening raises eﬀective stress gradients
within the boundary layer. Hence, it is expected that the boundary layer near the wall is extremely small for
low strain-hardening metals and vanishes for elastic/perfectly-plastic behavior. In Section 5, the curves in Figs.
2–5 detailing R near the wall, corroborate expansion (37).
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Fig. 2. Numerical quasi-static cylindrical cavitation solution for steel 5CrMoV. Metal characteristics are presented in Table 1. Strain-
hardening behavior is modeled by the Ramberg–Osgood power-hardening law (41).
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Fig. 3. Numerical quasi-static cylindrical cavitation solution for stainless steel. Metal characteristics are presented in Table 3. Strain-
hardening behavior is modeled by the Ramberg–Osgood power-hardening law (41).
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eﬀective stress (37) is not bounded there and also Rh (32) and Rz = Rh (31) diverge at the wall. Hence the den-
sity (15) reduces to zero at the cavity’s wall for compressible materials. However, for elastic/perfectly-plastic
behavior, q reaches a ﬁnite value at the wall, because all stress components remain bounded there. The expres-
sion for the ﬁnite value density at the wall is thereforeqðn ¼ 1Þ ¼ q0eð12mÞð3P c
ﬃﬃ
3
p
RyÞ; ð38Þwhich is similar to the density value at a spherical cavity wall (Masri and Durban, 2005).
Using (2) together with (32) and (37) we write for the radial stressdRr
dd
 2ﬃﬃﬃ
3
p 1ﬃﬃﬃ
3
p
K
ln
1
d
 	 
1=n
; ð39Þ
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Fig. 4. Numerical quasi-static cylindrical cavitation solution for aluminum 5083-H131. Metal characteristics are presented in Table 2.
Strain-hardening behavior is modeled by the modiﬁed Ludwik power-hardening law (42).
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Fig. 5. Numerical quasi-static cylindrical cavitation solution for elastic/perfectly-plastic behavior of aluminum 5083-H131. Metal
characteristics are presented in Table 2. Elastic/perfectly-plastic behavior is a special case of the modiﬁed Ludwik power-hardening law
(42) with n =1.
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3
p
Z d
0
1ﬃﬃﬃ
3
p
K
ln
1
d
 	 
1=n
dd ð40Þfor the radial stress proﬁle within the boundary layer.
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An exact analytical solution for the equations governing quasi-static plane-strain cylindrical cavitation, in a
compressible Mises solid, is not available in the literature. In fact, even existing numerical solutions (Durban,
1988; Forrestal et al., 1990; Luk and Amos, 1991) are for approximated models. We begin therefore by pre-
senting, in Figs. 2–5, numerical solutions of the complete system derived in Section 2. These numerical illus-
trations, obtained with a standard shooting method, will serve later as a data base of reference for further
analytical derivations. We have chosen two hardening laws which, in the present notation, give the total elas-
toplastic strain  = R + p as a function of the eﬀective stress R. Thus, for the Ramberg–Osgood power-
hardening law (Figs. 2 and 3)Table
Low s
Metal
Refere
E [GP
K
n
m
P spc (60
P incc (6
Pc (59
P "c (68
P cyc
P #c (69 ¼ Rþ KRn; RP 0; ð41Þwhile for the modiﬁed Ludwik power-hardening law (Figs. 4 and 5) ¼ R; 0 6 R 6 Ry;
 ¼ Ry RRy
 n
; RP Ry:
ð42ÞNote that both hardening laws reduce to elastic/perfectly-plastic behavior with n =1. Figs. 2 and 3 display
numerical results for steel 5CrMoV and for stainless steel, respectively, while Figs. 4 and 5 show the numerical
results for aluminum 5083-H131 and its elastic/perfectly-plastic version (n =1). The metal characteristics are
summarized in Tables 1–3. The solid line curves illustrate the three active stress proﬁles while the eﬀective and
the hydrostatic stresses, along with the diﬀerence between circumferential and radial stresses, are presented by
dashed lines. In Fig. 5 the eﬀective plastic strain is also traced by a solid line as part of the elastic/perfectly-
plastic solution.
While the expected tendency of R, Rh, Rz and Rh towards inﬁnity upon approaching the cavity’s wall is
clearly seen in Fig. 3, it is less apparent in Figs. 2 and 4, because the boundary layer near the wall is
extremely thin for low strain-hardening metals. The expected tendency of p towards inﬁnity upon
approaching the cavity’s wall is observed in Fig. 5 for the elastic/perfectly-plastic version (n =1) of
the aluminum alloy. It can be seen that diﬀerences between Rz and Rh are hardly noticeable, especially
in the linear elastic zone and in the deep plastic zone. Calculated diﬀerences between the Mises eﬀective
stress R, deﬁned in (5), and the expression
ﬃﬃ
3
p
2
ðRh  RrÞ are too small to be observed in all the deformation
zone. It can be seen that the diﬀerence Rh  Rr, which is the highest stress diﬀerence, is greater than R and
hence always positive.1
train-hardening metal characteristics (Ramberg–Osgood power law)
ST 5CrMoV ST AISI 4340 Titanium B120VCA
nce Durban (1979) Durban (1979) Masri and Durban (2005)
a] 194 201 106
5.23 · 1031 7.61 · 1054 2.4 · 1029
16.67 27.6 16.5
0.26 0.28 1/3
) 3.440 · 102 3.084 · 102 4.397 · 102
3) 3.069 · 102 2.751 · 102 3.856 · 102
) 3.003 · 102 2.694 · 102 3.797 · 102
) 2.946 · 102 2.644 · 102 3.743 · 102
2.943 · 102 2.642 · 102 3.737 · 102
) 2.939 · 102 2.639 · 102 3.735 · 102
Table 2
Low strain-hardening aluminum alloys characteristics (modiﬁed Ludwik power law)
Aluminum alloy 5083-H131 6061-T651 7075-T651
Reference Forrestal et al. (1990) Luk et al. (1991) Forrestal et al. (1992)
Y [MPa] 276 276 448
E [GPa] 70.3 68.9 73.1
Ry 0.392 · 102 0.400 · 102 0.613 · 102
n 11.905 19.608 11.236
m 1/3 1/3 1/3
P spc (60) 1.889 · 10
2 1.764 · 102 2.708 · 102
P incc (63) 1.653 · 10
2 1.551 · 102 2.370 · 102
Pc (59) 1.629 · 10
2 1.527 · 102 2.335 · 102
P "c (68) 1.608 · 10
2 1.507 · 102 2.303 · 102
P cyc 1.607 · 10
2 1.506 · 102 2.302 · 102
P #c (69) 1.606 · 10
2 1.505 · 102 2.301 · 102
Table 3
High strain-hardening metal characteristics (Ramberg–Osgood power law)
Metal AL killed steel Soft aluminum Stainless steel
Reference Durban and Birman (1982) Durban and Birman (1982) Masri and Durban (2005)
E [GPa] 207 69 206
K 6.43 · 1011 1.27 · 1010 5.78 · 104
n 4.505 3.718 3
m 0.27 0.33 0.30
P spc (60) 0.552 · 10
2 0.398 · 102 3.938 · 102
P incc (63) 0.470 · 10
2 0.334 · 102 3.295 · 102
Pc (59) 0.466 · 10
2 0.332 · 102 3.274 · 102
P "c (68) 0.463 · 10
2 0.331 · 102 3.256 · 102
P cyc 0.463 · 10
2 0.331 · 102 3.247 · 102
P #c (69) 0.463 · 10
2 0.331 · 102 3.246 · 102
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terms of quadratures, obtained by assuming that within the entire deformation zoneRz ¼ Rh ) Rz ¼ Rh ¼ 1
2
ðRr þ RhÞ; ð43Þwhich we label as the axially-hydrostatic approximation. This assumption is highly accurate in the linear
elastic zone and in the deep plastic zone near the cavity’s wall, as shown analytically in Sections 3 and 4
and clearly illustrated in Figs. 2–5. Notice also the slight diﬀerence between Rz and Rh in the transition zone
between these two deformation ﬁelds. Approximation (43) contradicts of course the plane-strain constraint
(11), unless m = 1/2, because it imposes only the vanishing of axial plastic strain. The error involved in that
approximation will be discussed later in this section. For incompressible solids (m = 1/2) we obtain (43) from
(11) as an exact relation, that imposes the vanishing of both axial elastic and plastic strains, which has been
used by several authors. Exact solutions without any restrictions (except of incompressibility) have been
suggested by Durban (1979) for quasi-static expansion and recently by Masri and Durban (2006) for dy-
namic cavitation.
As already discussed, a better approximation than (43) is R ¼
ﬃﬃ
3
p
2
ðRh  RrÞ. In fact, this assumption simpli-
ﬁes the governing system, yet an analytical solution is still hard to ﬁnd. However, by using assumption (43) the
eﬀective stress (5) takes the formR ¼
ﬃﬃﬃ
3
p
2
ðRh  RrÞ: ð44Þ
7528 R. Masri, D. Durban / International Journal of Solids and Structures 43 (2006) 7518–7533Substituting (44) and (43) in (2), (10) and (16) we arrive at the system of equationsR0r ¼
2ﬃﬃﬃ
3
p R
n
; ð45Þ
1
n
1þ 1V
n  1
 !
¼ 1 1
2
m
 
Rh  3m
2
Rr
	 
0
þ
ﬃﬃﬃ
3
p
2
0p; ð46Þ
ln0 1 V
n
 
¼  2ð1þ mÞﬃﬃﬃ
3
p Rþ
ﬃﬃﬃ
3
p
p
	 
0
: ð47ÞIntegration of (47), on account of the stress-free conditions at inﬁnity, gives for the velocity VV
n
¼ 1 1
exp 2ð1þmÞﬃﬃ
3
p Rþ ﬃﬃﬃ3p ph i ; ð48Þ
which satisﬁes the wall boundary condition V(n = 1) = 1 because, as shown by (36), p(n = 1)!1. A further
simpliﬁcation of (46) is possible upon elimination of Rh with the aid of the eﬀective stress relation (44) and by
inserting (48) with m ¼ 1b
2
and  = R + p, namelybR0r þ
b
2
ﬃﬃﬃ
3
p R0 þ
ﬃﬃﬃ
3
p
2
0 ¼ 1
n
1 e
ﬃﬃ
3
p
 bﬃ
3
p R
 
: ð49ÞThis equation along with the equilibrium equation (45) construct a coupled nonlinear system with R and Rr as
unknowns. By solving that system the solutions for V, Rh, Rz and q can be obtained immediately from (48),
(44), (43) and (15), respectively. Now, we derive a quadrature type solution for (45) and (49) starting with the
diﬀerential relationsﬃﬃﬃ
3
p
2
dRr
R
¼ dn
n
; ð50Þ
bdRr þ b
2
ﬃﬃﬃ
3
p dRþ
ﬃﬃﬃ
3
p
2
d ¼ dn
n
1 e
ﬃﬃ
3
p
 bﬃ
3
p R
 
: ð51ÞSubstituting (50) in (51) leads todRr ¼ JRdR; ð52Þ
whereJ ¼ JðRÞ ¼
d
dRþ 13 b
e
ﬃﬃ
3
p
 bﬃ
3
p R  1þ 2ﬃﬃ
3
p bR
ð53Þis a function of R. Relation (52) is combined with (50) to give2ﬃﬃﬃ
3
p dn
n
¼ J dR; ð54Þwhich together with (52) can be integrated in terms of quadratures. It appears that J is a basic function which
reﬂects material and geometrical nonlinearities. Recalling from (37) that in the presence of strain-hardening
R(n = 1)!1, and that Rr(n = 1) = Pc (the quasi-static cavitation pressure) we arrive at the solutionn ¼ eQ; Rr ¼ P c þ
Z 1
R
JðsÞsds; ð55ÞwhereQ ¼
ﬃﬃﬃ
3
p
2
Z 1
R
JðsÞds: ð56Þ
R. Masri, D. Durban / International Journal of Solids and Structures 43 (2006) 7518–7533 7529Notice that we do not necessarily assumed the existence of a deﬁnite yield point. This simpliﬁed the mathe-
matical derivation and led to a uniﬁed treatment, gradually covering the entire elastoplastic behavior. Further
simpliﬁcation of the approximate solution can be achieved for elastic/perfectly-plastic behavior under the
practical assumption Ry 1. The diﬀerential relation (54) transforms n to R as the independent variable.
Hence, an approximate solution for the location of the elastic/plastic interface ni islnðn2i Þ ¼
ﬃﬃﬃ
3
p Z 1
Ry
JðRÞdR: ð57ÞFor the incompressible solid (b = 0) an exact expression of ni can be obtained from (57) for any strain-hard-
ening response with a deﬁnite yield pointni ¼ 1 e
ﬃﬃ
3
p
Ry
 12
; ð58Þwhich, for Ry 1, reduces to Hill’s (1950) classical elastic/perfectly-plastic result ni ¼
ﬃﬃﬃ
3
p
Ry
 12. Hence, for an
incompressible material the location of the elastic/plastic interface is independent of the hardening
characteristics.
At inﬁnity R and Rr vanish, so from the second of (55) we ﬁnd the cavitation pressurePc ¼
Z 1
0
JRdR ¼
Z 1
0
d
dRþ 13 b
 
RdR
e
ﬃﬃ
3
p
 bﬃ
3
p R  1þ 2ﬃﬃ
3
p bR
: ð59ÞThe latter is an approximation (hence denoted by the superscript ) for the quasi-static cylindrical cavitation
pressure in a compressible Mises solid. A similar (exact) expression for the quasi-static spherical cavitation
pressure has been obtained by Durban and Baruch (1976), as the asymptotic limit of the cavity expansion pro-
cess under monotonously increasing internal pressure. That result has also been derived recently by Masri and
Durban (2005) as the zeroth order solution in dynamic spherical cavitation analysis. The spherical cavitation
pressure is brought here for the sake of comparisonP spc ¼
Z 1
0
d
dRþ b
 
RdR
e
3
2
b
2R  1þ 2bR
: ð60ÞApproximations (57) and (59) can be used to derive speciﬁc expressions for elastic/perfectly-plastic materials
by considering separately elastic (  R) and elastic/perfectly-plastic (R  Ry) deformation zones. This proce-
dure giveslnðn2i Þ ¼
1
ð1 2ﬃﬃ
3
p bRyÞ ln 1 1
2ﬃﬃﬃ
3
p bRy
 
e
b3ﬃ
3
p Ry
	 
1
;
P c ¼ Ryﬃﬃﬃ
3
p lnðn2i Þ þ
Z Ry
0
ð1þ 1
3
bÞRdR
exp 3bﬃﬃ
3
p R
 
 1þ 2ﬃﬃ
3
p bR
; ð61Þwhich take simpler, yet approximate, forms under the practical assumption Ry 1P c ¼ Ryﬃﬃﬃ
3
p 1þ lnðn2i Þ
 
with n2i ¼
ﬃﬃﬃ
3
p
ð3þ bÞRy
" #
: ð62ÞWhile for an incompressible Mises solid ðm ¼ 1
2
) b ¼ 0Þ approximation (59) reduces to the exact solution
obtained by Durban (1979)P incc ¼
Z 1
0
Rd
e
ﬃﬃ
3
p
  1 ; ð63Þit does not reduce to the classical approximation for compressible elastic/perfectly-plastic solids obtained by
Hill (1950)
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3
p 1þ lnðn2i Þ
 
with n2i ¼
ﬃﬃﬃ
3
p
ð3þ 2bÞRy
" #
: ð64ÞThe slight diﬀerence between the two solutions is in the location of the elastic/plastic interface, which aﬀects
the cavitation pressure, where instead of 2b in Hill’s solution (64) there is just b in our solution (62).
In Tables 1–3 we compare the cavitation pressure P cyc , obtained from ‘exact’ numerical solutions, with the
approximate expression (59) for several metals. The metals listed in Tables 1 and 3 are modeled by the
Ramberg–Osgood power-hardening law for low (Table 1) and high (Table 3) strain-hardening response, while
in Table 2 low strain-hardening aluminum alloys are modeled by the modiﬁed Ludwik power law. The accu-
racy of the numerical solution was tested by comparing with the exact solution for incompressible solids (63)
which is also shown in the tables. Another useful check for the accuracy of the numerical procedure is through
comparison with the exact value P c ¼ p218 obtained from (63) for fully elastic behavior   R. By equating the
eﬀective stress for the elastic ﬁeld (28) with Ry at the elastic/plastic interface (n = ni) an approximate expres-
sion for C can be obtained using (57). That expression is useful in facilitating the numerical shooting method
as a ﬁrst intelligent guess for C.
The common conclusion that emerge from Tables 1–3, for nine diﬀerent metals, is that Pc is slightly above
(up to 2%) the exact solution P cyc , while P
inc
c is above P

c with a deviation of up to 4.5% from the exact solution.
The latter result is expected since the assumption of incompressibility increases the strength of the solid. Also
shown in the tables is the corresponding spherical cavitation pressure P spc given by (60) which is in the range of
1.17–1.21 above the cylindrical cavitation pressure.
The error generated in replacing the plane-strain constraint (11) by assumption (43) can be assessed upon
substituting (43) in (11) to obtain the elastic strain rate deviationwðnÞ ¼ bðn V ÞR0z: ð65Þ
Or, with further use of the axially-hydrostatic assumption solution,wðRÞ ¼  2bﬃﬃﬃ
3
p e
ﬃﬃ
3
p
þ bﬃ
3
p R R 1ﬃﬃﬃ
3
p
J
 
: ð66ÞFigs. 6–8 display w(R), which is positive in most of the deformation zone, for 5CrMoV steel alloy, stainless
steel and 5083-H131 aluminum alloy, respectively. It is seen that the behavior of w(R) for high strain-harden-
ing materials with no deﬁnite yield point, like the stainless steel, is distinctive since the elastic branch is0 0.005 0.01 0.015 0.02
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ψ
Fig. 6. Local deviation (error) from plane-strain constraint for 5CrMoV steel alloy.
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Fig. 7. Local deviation (error) from plane-strain constraint for 5083-H131 aluminum alloy.
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Fig. 8. Local deviation (error) from plane-strain constraint for stainless steel.
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diﬀerence between Rz and Rh illustrated in Figs. 2–5.
We can summarize this section by the conclusion that the axially-hydrostatic approximation provides a bet-
ter prediction, of the cylindrical cavitation pressure, than the widely used incompressible model.
6. Two ad-hoc compressibility approximations
Recalling that approximation (59) is above the accurate numerical result ðP cyc Þ, we suggest an artiﬁcial
increase of elastic-compressibility to reduce the cavitation strength. To this end we replace m, in (10) and
(16), with 1b

2
, where b* > b. Following the same reasoning as for the axially-hydrostatic approximation we
arrive at the cavitation pressure
7532 R. Masri, D. Durban / International Journal of Solids and Structures 43 (2006) 7518–7533P c ¼
Z 1
0
d
dRþ b

3
 
RdR
e
ﬃﬃ
3
p
bﬃ
3
p R  1þ 2ﬃﬃ
3
p bR
: ð67ÞNow, for elastic/perfectly-plastic response, with Ry 1, we recover from (67) Hill’s classical approximation
(64) when b* = 2b. The corresponding cavitation pressureP "c ¼
Z 1
0
d
dRþ 23 b
 
RdR
e
ﬃﬃ
3
p
 2ﬃ
3
p bR  1þ 4ﬃﬃ
3
p bR
ð68Þappears (Tables 1–3) as a better approximation than Pc though still higher (hence denoted by the superscript
") than P cyc , with a deviation that consistently is less than 0.5%.
On the basis of the approximate expressions (59) and (68) we examine a similar relation for cylindrical cav-
itation pressure, namelyP #c ¼
Z 1
0
d
dRþ 23b
 
RdR
e
ﬃﬃ
3
p
 bﬃ
3
p R  1þ ﬃﬃﬃ3p bR ; ð69Þwhich gives (Tables 1–3) uniformly lower values (hence denoted by the superscript #) than the exact values
ðP cyc Þ, with a deviation of less than 0.5%. As for the upper bound (68), Hill’s approximation (64) can be de-
duced also from (69) when Ry 1. Actually, it can be shown that the three-parameter expressionP c ¼
Z 1
0
d
dRþ j23 b
 
RdR
e
ﬃﬃ
3
p
j1ﬃ
3
p bR  1þ j3ﬃﬃ
3
p bR
ð70Þreduces to Hill’s approximation (64), for Ry 1, when
j2 ¼ j3  j1 ¼ 2: ð71ÞYet, the possibility of choosing a best ﬁt value for j3 in the range of 3 (P
#
c (69)) to 4 (P
"
c (68)) is not explored
further. The upshot of this section are practical bounds on the cylindrical cavitation pressure in compressible
Mises solidsP #c < P
cy
c < P
"
cð< Pc Þ: ð72Þ7. Concluding remarks
Most of existing literature on cavitation phenomena in elastoplastic solids is dominated by spherical defor-
mation patterns. In this study we have presented a detailed numerical and analytical analysis of quasi-static
plane-strain cylindrical cavitation ﬁelds in Mises type solids. The axially-hydrostatic assumption was investi-
gated in detail and an analytical solution was obtained under this assumption within an error of about 2% or
less above the exact cavitation pressure. On the basis of the axially-hydrostatic approximate solution two ad-
hoc compressibility approximations were suggested ((68) and (69)). Comparison with exact numerical results
points that these relations, which give very accurate results, appear to provide practical tight bounds on the
exact value of cavitation pressure within an error of about 0.5% or less. Hopefully, establishing cylindrical
cavitation analysis on equal footing with existing spherical cavitation studies, will provide a better understand-
ing of indentation and penetration phenomena.
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